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A atoms — mole/molecule
a atoms per molecule of an atomic element
C charge on a specie
C 1 gas constant
c denotes charge
d denotes dominant specie
G Gibbs free energy function
g a residual function
h enthalpy
j denotes an -?.tomic element
K arbitrary parameter
M moles of a specie
M number of species




t denotes trace specie
() denotes dominant atomic element
Greek






parameter to limit magnitude of adjustment
a residual
Lagrange multiplier







This document presents the formulation and solution of the system of
equations associated with the phenomenon of the degree of ionization of a
thermochemical system at equilibrium. The system of equations is nonlinear
and is solved through a gradient search scheme. The solution has been auto-
mated, and the computer program is discussed.
Electron density, or the degree of ionization of gas species is of
interest due to radio frequency attenuation caused by the presence of elec-
trons. The purpose of this study is to formulate a state-of-the-art mathe-
matical model for predicting the degree of ionization of thermochemical
systems at equilibrium conditions.
Normally, atomic elements which easily release electrons exist in the
thermochemical system in such small quantities that it is numerically im-
practical to consider their effects in the gross thermochemical calculation.
In this study the two effects (i.e., the gross thermochemical reactions and
electron producing reactions) which are of vastly different orders of magni-
tude are uncoupled.
The system of equations which comprises the mathematical model is
the Gibbs free energy function and the conservation equations for total atomic





2.1 THE GOVERNING EQUATIONS
The atomic elements in a closed thermochemical system at equilibrium
!	 conditions combine to form chemical species in such a manner that a thermo-dynamic function, known as the "Gibbs Free Energy Function," is minimized.
This function, along with the appropriate conservation equations, is the basis
upon which this analysis is performed.
The Gibbs free energy function, G, for a volume containing one gram
of a multicomponent gas (Ref. L) is
M h	 m S	 m
G =
	 C T Ma - ^ Ma + E Ma In P ^ Ma(	 a=1	 1	 a=1 1	 a=1
n	 m	 m
+
 Ex. F, a. M - A. + E C
^	 ^a a
	 ^	 c	 a 
M
s
j = 1	 a=1	 I	 a-=l
I
which for equilibrium reduces to
h	 S	 n
8M - C T
	
C + InP^ Ma +^ xj aja +X c C a =0 a=1,2...m
a	 1	 1	 j=1




(P _ E a. Ma - A = 0	 j = 1, 2, ... n
a=1
M







The simultaneous solution of the systems ( 1), (2) and ( 3) models a closed
chemical system at equilibrium conditions.
Because of the difference in the orders of magnitude between the quantity
of the dominant elements ( atomic elements which primarily make up the chem-
ical system) and the quantity of the trace elements (atomic elements which are
in the chemical system in very small quantities), it is numerically impractical
to solve the cone * itutive equations considering dominant and trace elements
simultaneously. indeed as far as the gross thermodynamic properties of the
chemical system are concerned the trace element s in the system are of no
consequence. It is only when trace elements that ionize easily exist in the
system and the degree of ionization is desired that the trace elements are of
significance. Assuming no significant part of the dominant elements in the
system ionize, their onl y
 effect on the degree of ionization of the trace ele-
ments will be their combining with a portion of the trace elements that would
otherwise ionize. In this analysis the trace atoms are conserved; however,
there are no restrictions on the number of dominant atoms that may ionize.
Based on the foregoing discussion, the systems of Eqs. ( 1), (2) and (3)
will be solved to predict the degree of ionization of the chemical system.
2.2 SOLVING THE GOVERNING EQUATIONS
For the dominant elements any portion that ionized would be of the order
of magnitude of the trace elements. For the un-ionized portion of the dominant.






C T -	 + 1.1 p ^ Ma +
	 A. a. = 0. 	(4)
	
1	 1 j=1
Knowing the quantity of each dominant element, and the pressure and temper-
ature of the chemical syst e m, these equations along with ( 2) can be solved to
find the various dominant species formed. However, this manipulation is
performed by many equilibrium chemistry programs (e.g., Ref. 3). This
analysis will be limited to the ionization portion of the problem.
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Assuming a chemical equilibrium calculation has been made for the
dominant elements and h, S = (T) data are available, (4) can readily be
solved for A^, j = 1, 2... nd .
 
Using this result and setting
h	 S
Ha = C aT - C + In P 4+
1	 1
Equation ( 1) can be written for trace elements as
n	 nt
Ha + In Ma +	 ^j aja +	 Aj aja + Ac Ca = 0	 a = 1, 2 ' ... m t
	(6)
j=1	 j=1
Knowing the quantity of trace elements in the system and the thermodynamic
properties of the elements and their combinations ( 6), (2) and ;3.) constitutes
a system of m  + nt + 1 equations in as many unknowns.
Unknowi .s in the system are:
Ma	 a= 1,2 .... mt
Aj 	j=1,2 .... nt
c
This system of equations is nonlinear due to the In M
a 
term and does not lend
itself to a straightforward solution technique. Ma, Ai and Ac are, of course,
interdependent.




a-1	 - 1Ej	 A.i







	 1 = 0	 j = 1, 2,.. . nt
	(7)
i
For any value of the vector Ma other than the solution, this equation will have
a residual, i.e.,






If (6) and ( 3) were satisfied and g vanished, thus satisfying (2), the system
would be solved. In order to forin g a value of the vector M must be known.
a
In order to begin a search for the solution an initial value of the Xi vector
will be assumed. (Xi
 = 45 has been found to be the right order of magnitude.)
Letting free electrons be the mt-th specie, and since aja = 0 for elec-
trons (i.e., this specie does not contain any atomic element) Eq. (6) can be
written for electrons as










Ha + In Ma + I: ^ij aja + E ^j aja + Ac C a =0	 (11)j=1	 j=1
Knowing that C	 = - 1 (i.e., charge on electron), and eliminating A from the


























 1L.. Ca Mm a Za - Mm = 0	 (13) f
	
a = 1	 t	 t





This equation can be solved iteratively for Mm , and in turn (12) can be
	
solved for Ma, a = 1, 2, ... mt - 1.	 t
With the M
a 
vector, g can be calculated. A point has now been located
on a response surface generated by the X i vector and g, and it is desired to
develop a systematic technique of adjusting Xi in order to track g to a
minimum.
In essence, the function to be minimized is
i = O(X l , X2 , ... Xn ) .
t
The maximum decrease in g for a given adjustment in the X i vector will
be obtained if this adjustment is made in the direction of the local gradient.
A change in g can be expressed as (Ref. 2, et al.)
di = g rad O . 6	 (14)
and if X is to be in the direction of the gradient
	
-&=	 dg	 grad 0grads k (gradOl
or
dX = dg (gradO)	 (15)(grad 0)2




If the response surface can be assumed to be a hyperplane in the





or for a particular element in the vector
-	 Ag	 (17)
D Aj _ S (grad0)2
where b is a parameter that can be adjusted to limit the magnitude of adjust-
ment in A. to assure a decrease in g.
J
t
If the response surface was truly a hyperplane, g would vanish in one
l`	 step, i.e.,
g-0=g.
This assumption will be made in adjusting 
i 
and 8 will be used to take care
of problems in the amount of adjustment.
Therefore,
o Aj _ S	
g a A^
(grad $)2
and the new value of A. will be
Ai (new) = Xi (old)	 O i
Using this systematic technique of adjusting A 3 the response surface can be







No experimental data were available with which an exact comparison
of the results of this calculational procedure could be made. The Chemical
Equilibrium Calculation Computer Program described in Ref. 3 was not capa-
ble of predicting the degree of ionization of a chemical system with trace
element(s) present in quantities that were vastly different orders of magnitude
from the quantities of the dominant elements. The program was capable,
however, of making the same analysis as the computer program described
here if the trace element(s) was present in sufficient quantity. A trace
element which ionized easily was introduced in sufficient quantity that the
computer program in Ref. 3 could perform the analysis. The same analysis
V	
was then performed using the computer program described here. The results
of the two calculations were compared for the following propellant system at
the conditions specified.
Fuel: CH 3 NHNH2 (monomethylhydrazine)
Oxidizer: N204 (nitrogen tetroxide)
Trace Element: K
Quantity of Trace Element: 0.12725 x 10 -3 moles/gm
Oxidizer-to-Fuel Ratio: 0.9901
Pressure: 0.01
Temperatures: 1500 0K(5000K) 5000oK
At all of the specified conditions the results of the calculations were
identical; i. e., the electron density and the quantity of the various ionized
j	 species were identical.
9
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This calculational procedure will yield useful results if applied judi-
ciously. The assumptions made in obtaining the solution should be kept well
in mind. Thcy are:
• The thermochemical system is at equilibrium.
• The quantity of the dominant atomic element(s) which ionize or
combine with trace elements is not considered in the conservation
equations. However, for most analyses this will be negligible and
will have no effect on the solution.
When performing this calculation, all species which affect the degree
of ionization must be considered unless one has a previous knowledge of the
reaction.
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'	 Order	 Contents Format Card Column
1	 any identifying statements 18A4 1-72
2	 any identifying statements 18A4 1-72
3	 total number of species (dominant species E10.5 1-10
+ trace species)
number of dominant atomic elements E10.5 11-20
(also number of dominant species' )
number of trace atomic elements E 10.5 21-30
temperature (0K) E 10.5 31-40
pressure (atmospheres) E10.5 41-50
molecular weight of mixture E 10.5 51-60
4**	 species name 3A4 1-12
temperature range 2F10.3 46-65
5	 coefficients for h, S 	 n ..#(T) correlation 5E 15.8 1-75
6	 coefficients for h, S' : #(T) correlation 5E15.8 1-75
7	 coefficients for h, S, = #(T) correlation 4E15.5 1-60
Repeat cards numbered 4-7 for each
dominant specie and then for each trace
specie.
Only as many dominant species as dominant atomic elements that are
i'	 present are to be input. Among these dominant species each dominant
atomic element must appear at least once.	 (See Card 3)
** See Ref. 3 for a description of this input.	 Cards 4-7 can be taken directly






8 *	number of each dominant atomic element in
each dominant specie (i.e., chemical formula),
mole fractions of dominant species
















9	 number of each dominant and trace atomic
element in each trace specie, charge on
trace specie, original mole fraction of
trace specie
Repeat Card 9 for each trace specie
To run additional cases, follow Card 9 with
a Card 1, etc.
Notes:
When choosing dominant species one must remember that a system of
linear equations is being formed in order to solve for the Lagrange multipliers
associated with the dominant atomic elements. Check to be certain that a
system that can be solved is being input.
Also remember mole fraction = 0(molecular weight of mixture)
***Cards 8 and 9 must be input for the species in the same order the species


















LMSC f HREC D162139-II
Appendix C
C. 1  DISCUSSION
The chemical system contains dominant elements carbon, hydrogen,
nitrogen and oxygen with trace element potassium present in the amount of
0.025 parts per million. The chemical system ib as follows:
Fuel: CH3 NHNH 2 (monomethylhydrazine)
Oxidizer: N204 (nitrogen tetroxide)
Trace Element: K




From an equilibrium calculation, the following is known.
y	 = 17.808
Mole fraction of CO = 0.10934
Mole fraction of H2	= 0.11604
Mole fraction of H2 O= 0.14924
Mole fraction of N2	= 0.25219
Mole fraction of 0.025 FPM K = 0.11386 x 10-7
Looking at the input guide in Appendix B, it is seen that a decision
must be made on what species will affect the ion-producing reaction. The
dominant species chosen will be CO, H 2 , H2O and N2 , containing the domi-
nant atomic elements ''; H. N and O. (n.b. four species, four atomic ele-
ments). There is, of cour.e. only one trace element, K. There are various
C-1
ILMSC/lIREC D162139-H
species that can form in a C-H -N-O-K system, CH? , COZ , HCO, C 2H4 , KO,
N2 0 and many more. Which of thes - species will influence the degree of
ionization must be decided, and thus should be included in the reaction.
Species such as CH 2 , HCO, C 2 H4 and N20 are very definitely species that
can form in a C-H-N-O-K reaction and they may be among the dominant species.
However, the only way in which these species would affect the degree of ioni-
zation would be by absorbing atoms that would otherwise ionize. This cannot
be taken into account due to the vast difference in the number of dominant
atoms present in the chemical system and the number entering into the ion-
producing reaction. (As stated previously, there are no limitations on the
number of dominant atoms that can enter into the reaction.) Therefore, spe-
cies such as CH2 , HCO, etc., will not be considered. But species involving
dominant elements that will affect the level of ionization such as C+ , CO2,
HCO +, etc., must be considered. It is known that potassium (an alkali metal)
ionizes easily, and at the conditions specified for this problem most of the
potassium will probably be transformed into K +. However, consideration
must be given to all the species that can be formed by K combining with any
or all of the dominant elements C-H-N-O. This can influence the degree of
ionization in that some of the K might go into a species such as KO rather than
K+ . Looking at the data in Ref. 3 will facilitate choosing the species for the
reaction. The trace species for this problem are:
C+	No	 O+	 K
C	 H	 NO 	 O	 K+
C N 	 HCO +	 OH+	 KO
CO2	 R	 K2
C -	 -2	 02
to
1
In Ref. 3 h and S have been correlated to a function of T. These corre-
lation equations are used in this program to calculate h and S. The corre-
lation coefficients can be taken directly from the data in Ref. 3. Ln fact, card













Cards 8 and 9 essentially give the chemical formula of the various
species. For example, for the dominant species the numbers called for by
Card 8 would be:
C H N O Mole Fraction
CO 1 0 0 1 0.10934
H2 0 2 0 0 0.11604
H2 O 0 2 0 1 0.14924
N2 0 0 2 0 0.25219
Card 9 is different from Card 8 only in that it carries the charge of
the species. Also for this case all the mole fractions of the trace species
described by Card 8 will be zero except for the species containing K that is
chosen to put the 0.025 PPM of K into the reaction. For this case the trace
element will be input as K but it could just as well be input as K +, KO or K2
(only half as much K2 , of course.) The complete input for this case is shown
on pages C-4 through C-6.
The output for this case is shown on page C-7.
Figure C.1 shows the variation of electron density with pressure and
temperature for this case. In calculating the values for this plot it was
necessary to perform an equilibrium thermochemical calculation at each
point. This was deae by using the computer program described in Ref. 3.
C-3
i	_
J12/66C 1.O 2.E 1.00 0•G
01 0*26054316E-02-0.10928732E-05
05 0.18317369E 01 0.34743737E 01
-08 0.36846719E-11-0.54249049E 05
J 6/66C 2•E 1000 0000 O.G
01 0r80537803E-03-0030000092E-06









AN EXAMPLE CASE C-H-N-O-K SYSTEM TRACE ELEMENT K
LMSC/HREC J MCOERMIT 11 AUGUST 1969
23.0	 4.0	 1.0	 3000.0	 001	 17.808
CO	 J 9/65C 1.0 1.00 0.00 O.G	 300.000 5000.000
0.29840696E 01 0.14891390E-02-0.57899684E-06 0.10364577E-09-:1*69353550E-14
-0.14245228E 05 0.63479156E 01 0.37100928E 01-0.16190964E-02 0.36923594E-05
-Oc20319674E-08 0.23953344E-12-0.14356310E 05 0.29555351E 01
H2	 J 3/61H 2.00 0.00 0.00 O * G	 300.000 5000.000
0.30989658E 01 0.51321595E-03 0.51397641E-07-0.34609047E-10 0.36695462E-14
-0.87694041E 03-0.19569318E 01 0.30564452E 01 0.26833104E-02-0.58288567E-05
0.55426526E-08-0.18209130E-11-0.98878140E 03-0.22961187E 01
H2O	 J 3/61H 2.O 1.00 0.00 O.G
	
300.000 5000.000
0.27167633E 01 0.29451374E-02-0.80224374E-06 0.10226682E-09-0.48472145E-14
-0.29905826E 05 0.66305671E 01 0.40701275E 01-0.11084499E-02 0.41521180E-05
-0.29637404E-08 0.80702103E-12-0*30279722E 05-0.32270046E 00
N2	 J 9/65N 2.00 0.00 0.00 O.G 300.000 5000.000
0.28921391E 01 0.15233162E-02-0*57733479E-06 0.10106038E-09-0.66305703E-14
-0.90435065E 03 0.61833507E 01 0.36695402E 01-0.11705792E-02 0.22278060E-05
-0.52949706E-09-0.26471967E-12-0.10605938E 04 0.23792865E 01
C+	 L12/66C 1•E -1.00 0.00 0•G
	
300.000 5000.000
0.25118274E 01-0.17359784E-04 0.95042676E-08-0.22188518E-11 0.18621892E-15
0.21667721E 06 0.42861298E 01 0.25953840E 01-0.40686645E-03 0.68923669E-06
-0.52664878E-09 0.15083377E-12 0.21666281E 06 0.38957298E 01
C-	 J 9/65C 1•E 1.00 0.00 0•G
	
300.000 50009000
0.24470591E 01 0.11286428E-03-0.78591462E-07 0.19778614E-10-0.111055'-5E-14
0.69972969E 05 0.42356992E 01 0.24925640E 01 0.53153068E-04-0.13307994E-06
0.13951379E-09-0.52150992E-13 0.69955757E 05 0.39811657E 01
CN-	 L 3/67C 1•N 1•E 1. 00 0•G	 300.000 5000.000
0.29814417E 01 0.14942618E-02-0.58261650E-06 0.10444185E-09-0.70091727E-14
0.32277895E 04 0.62544561E 01 0*36984234E 01-0.15269918E-02 0.34408627E-05












0.24415444E-08-0.16350481E-11 0.61963602E 05-0.25794733E O1
H+	 J 6/66H 19E -1.00 0.00 O.G	 300.000 5000.000
0.25000000E 01 0. 	 0,	 00	 00
0.18403344E 06-0.11538620E 01 0.25000000E 01 09
	 0.
O•	 00	 0.18403344E 06-0.11538621E O1
H-	 J 9/65H 1•E 1.00 0.00 O.G
	
300.000 5000.000
0.25000000E 01 09	 00	 0.	 00
0.15961045E 05-0.11524488E O1 0.25000000E 01 0.
	 00
00	 00	 0.15961045E 05-0.11524486E 01
HCO+	 J 6/66H 1.0 190 1.E -1•G
	 3009000 5000.000
0.37043178E 01 0.31689482E-02-0.11162077E-05 0.18295528E-09-0.11423033E-13
0.1015999"E 0 6 0.22646685E 01 0.24008375E 01 0.94708997E-02-0.12325029E-04
0.87865750E-08-0.24046919E-11 0.10181650E 06 0.83016949E O1
K	 J 6/62K 1.00 0.00 0.00 O.G
	 300.000 5000.000
0.25673650E 01-0.14933596E-03 0.12342444E-06-0.53394240E-10 0.11948426E-13
0.99550531E 04 0 .46642081E 01 0.24930967E 01 0.50164177E-04-0.12751224E-05
0.13540491E-09-0.51145936E-13 0.99786360E 04 0.50560438E O1
K+	 J 3/65K 1.E -1.00 0.00 O.G
	
300.000 5000.000
0.25000000E 01 0. 	 0,	 00	 00
0.61096558E 05 0.43339455E 01 0.25000000E 01 0.
	 0.
0.	 00	 0.61096558E 05 0.43339455E Cl
KO	 J12/62K 100 1000 0.00 O.G
	 300.000 5000.000
0.43731489E 0 1 0.19960449E-03-0.56826345E-07 0.10410356E-10-0.70291368E-15
0.37491801E 04 0.32551045E 01 0.33805136E O1 0.41932012E-02-0.61238894E-05
0.40675370E-08-0.99172754E-12 0.39512947E 04 0.80473015E O1
K2	 J12/61K 2.00 0.00 0.00 0.G
	 300.000 5000.000
t	 0.45089995E 01 0 *22596406E -03 0.14957172E-07-0.38811532E-11 0.34052376E-15
0.13926067E 05 0.42568563E O1 0.44424903E 01 0.46158726E-03-0.30025595E-06
0.17502910E-09-0.32470554E-13 0.13941670E 05 0.45868357E 01
NO+	 J 6/66N 1.0 1.E -1.00 O.G
	
300.000 5000.000
0.28885488E 01 0.15217119E-02-0.57531241E-06 0.10051081E-09-0.66044294E-14
0.11819245E 06 0.70027197E O1 0.36685056E 01-0.11544580E-02 0.21755608E-05(	 -0.48227472E -09-0.27847906E-12 0.11803369E 06 0.31779324E O1
1	 NO2-	 J12/65N 190 2.E 1.00 O.G
	 300.000 5000.000
0.50794422E 01 0.20860322E-02-0.88823762E-06 0.16801079E-09-0.11743414E-13
t	 -0.45039907E 05-0.16367650E O1 0.29474526E 01 0.51836832E-02 0.24205126E-0
-0.75758944E-08 0.34577493E-11-0.44317583E 05 0.10052399E 02





0.25060486E 0 1-0.14464249E-04 0.12446049E -07-0.46858472E-11 0.65548873E-15
0.18794700E 06 0.43479741E 01 0.24984794E 01 0.11410972E-04--0.29761395E-07
0.32246539E-10-0.12375517E-13 0.18794908E 06 0.43864355E 01
0-	 J 6/650 1•E 1. 00 0.00 0•G	 300.000 5000.000
0.25437173E 01-0*53258700E-04 0.25119617E-07-0.51851466E-11 0.39011542E-15
0.11480516E 05 0.45202538E 01 0*28115796E 01-0.11905697E-02 0.18710553E-05
-0.13479178E-08 0.36663554E-12 0.11428431E 05 0.32402855E 01
OH+	 J 3/660 1*H 1•E -1.00 O*G	 300.000 5000.000
0.27544809E 01 0.15025381E-02-0.49411191E-06 0.79062805E-10-0.48153427E-14
0*15759966E 06 0.60078407E 01 0.35447365E 01-0.10370383E-03-0.54786182E-06
0.18897588E-08-0.94577482E-12 0.15736596E 06 0.18137392E 01
GH-	 J 3/660 19 H 19E 1.00 O•G	 3009000 5000.000
0.28772416E 0 1 0.99323674E -03-0.21102064E-06 0.17074238E-10-0.10219622E-15
-0.18124287E 05 0.42625868E 01 0.34554504E 01 0.45712434E-03-0*14994214E-05
0.19713519E- 08-0.70807531E-12-0.18351948E 05 0.97434167E 00
02-	 J12/660 2•E 1.00 0.00 O•G	 300.000 5000.000
0.38147234E 01 0.77444546E-03-0.30677649E-06 0.56618118E-10- 0.38229492E-14
-0.69910087E 04 0.29587995E 01 0.31440525E 01 0.12127972E-02 0.23812161E-05













































AN EXAMPLE CASE C-H-N-O-K SYSTEM TRACE ELEMENT K
LMSC/HREC J MCDERMIT 11 AUGUST 1969
** EQUILIBRIUM ELECTRON DENSITY PREDICTION **
TEMPERATURE (K)	 0.30000E 04
PRESSURE (ATM)	 _	 0.99999E-01
MOLECULAR WEIGHT a 	 0.17808E 02
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0 0 0 0 0 0 0
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From (8) and (9) we have
2
m 




Substituting Ma from (12)
n 	 mt	 2
-C
g	 a;a Mm 
a Za
 - 1
J =1(a= I	 t
where
n 	 n 
Ha +^7l^aja + 	 A. a ka	 a+CHmt
Z = e	 j=1	 ;=1
a
m 	 m 
2: a.Ma 	 E aJ Ma














SOLUTION OF EQUATION (13)




Ca Mtn a e a - Mm =0
a=1	
t	 t
Obviously only the ionized species (i.e., C a ^ 0) enter into this solution
for Mm . Presently there are no thermochemical data available for multi-
valence ionization (i.e., C a >1 + 1 ` ) . Assuming C a only takes on the values
+ 1 (13) can be solved without iteration.
Equation ( 13) will always be of the form
(13)





-1 (1-C ) Z
I=- 1+E
	 2a e a ICal
a=1
mt- 1 (1 +Cd z










X 1 being positive definite while X 2 is negative definite.
Therefore, from (E. 1)
Mm = (- X2/X1)1/2
t
E-2
r'} `'G:,
